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The dynamics of texture-like congurations are briefly re-
viewed. Emphasis is given to congurations in 2+1 dimen-
sions which are constructed numerically. Conrming previous
semi-analytical studies it is shown that they can be stabilized
by partial gauging of the vacuum manifold (semilocality) in
a nite range of parameter space. When these congurations
are extended to 3+1 dimensions (stringy textures) it is shown
that they can support persistent currents if a twist (Hopf
charge) is introduced in the scalar eld sector. The pressure
induced by these persistent currents is also studied in closed
loops. In the context of a simple model, twist induced pres-
sure is shown to be insucient to stabilize the loops against
collapse due to tension1.
I. INTRODUCTION
A key feature of texture-like topological defects is the
fact that the topological charge emerges by integrating
over the whole physical space (not just the boundary).
These defects have played an important role in both par-
ticle physics and cosmology. Typical examples are the
skyrmion [2] which oers a useful eective model for
the description of the nucleon and the global texture [3]
where an instability towards collapse of the scalar eld
conguration has been used to construct an appealing
mechanism for structure formation in the universe.
A typical feature of this class of scalar eld cong-
urations are instabilities towards eld rescalings which
usually lead to collapse and subsequent decay to the vac-
uum via a localized highly energetic event in space-time.
The property of collapse is a general feature of global
eld congurations in 3+1 dimensions and was rst de-
scribed by Derrick [4]. This feature is particularly useful
in a cosmological setup because it provides a natural de-
cay mechanism which can prevent the dominance of the
1A large part of this talk is based on recent unpublished
work with T. Tomaras [1]
energy density of the universe by texture-like defects. At
the same time, this decay mechanism leads to a high en-
ergy event in space-time that can provide the primordial
fluctuations for structure formation.
In the particle physics context where a topological de-
fect predicted by a theory can only be observed in accel-
erator experiments if it is at least metastable, the above
instability is an unwanted feature. A usual approach to
remedy this feature has been to consider eective models
where non-renormalizable higher powers of scalar eld
derivatives are put by hand. This has been the case in
QCD where chiral symmetry breaking is often described
using the low energy ’pion dynamics’ model. Texture-like
congurations occur here and as Skyrme rst pointed out
they may be identied with the nucleons (Skyrmions) [2].
Here textures are stabilized by non-renormalizable higher
derivative terms in the quantum eective action. How-
ever no one has ever found such higher derivative terms
with the right sign to stabilize the Skyrmion.
An alternative approach to stabilize texture-like con-
gurations is the introduction of gauge elds [5{7] which
can be shown to induce pressure terms in the scalar eld
Lagrangian thus balancing the eects of Derrick-type col-
lapse. In the case of complete gauging of the vacuum
manifold however, it is possible for the texture cong-
uration to relax to the vacuum manifold by a continu-
ous gauge transformation that can remove all the gradi-
ent energy (the only source of eld energy for textures)
from the non-singular texture-like conguration [3]. This
mechanism of decay via gauge elds is not realized in sin-
gular defects where the topological charge emerges from
the boundaries. In these defects, singularities, where the
scalar eld is 0, can not be removed by continuous gauge
transformations.
Recent progress in semilocal defects has indicated
that physically interesting models can emerge by a partial
gauging of the vacuum manifold of eld theories. This
partial gauging (semilocality) can lead to new classes of
stable defect solutions that can persist as metastable con-
gurations in more realistic models where the gauging
of the vacuum is complete but remains non-uniform. A
typical example is the semilocal string [8] whose embed-
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ding in the standard electroweak model has led to the
discovery of a class of metastable 2+1 dimensional eld
congurations in this model [9].
In the context of texture-like congurations, the con-
cept of semilocality can lead to an interesting mecha-
nism for stabilization. In fact the semilocal gauge elds
are unable to lead to relaxation of the global eld gradi-
ent energy because they can not act on the whole target
space. They do however induce pressure terms in the La-
grangian that tend to resist the collapse induced by the
scalar sector. Therefore they have the features required
for the construction of stable texture-like congurations
in renormalizable models without the adhoc use of higher
powers of derivatives.
The goal of this lecture is to demonstrate the stabi-
lization induced by semilocal gauge elds in the context
of a simple model that supports stable Superconduct-
ing Semilocal Stringy Texture (SSST) eld congurations.
The extension of the form of the eld conguration and
its embedding in realistic models is currently in progress.
The structure of this talk is the following: I will rst
give a brief review of the eld structure and dynamics of
textures in 1+1 and 3+1 dimensions. Then I will focus
on the 2+1 dimensional case and show how can semilocal
gauge elds stabilize a collapsing scalar eld congura-
tion. The extension to 3+1 dimensions in the form of
a stringy texture and the introduction of persistent cur-
rents by a topological twist of the scalar eld will also be
discussed in section II. The mechanism by which this cur-
rent pressure could stabilize a collapsing stringy texture
loop in 3+1 dimensions will be emphasized. In section
III, these concepts are applied to a simple concrete model
where the SSST congurations are constructed numeri-
cally. A virial theorem demonstrating the stability of the
congurations against collapse in 2+1 dimensions will be
veried. Closed loops of SSST will also be discussed and
shown to be unstable towards collapse in 3+1 dimensions
despite the pressure induced by the persistent currents.
This instability is present for all parameter sectors con-
sidered in the context of this simple model.
II. TEXTURE FIELDS AND THEIR DYNAMICS
The simplest texture-like conguration appears in
1+1 dimensions in a eld theory with a two-component
real scalar eld ~ = (1, 2) which breaks a global O(2)
symmetry and its dynamics is determined by the poten-
tial V (~) = λ4 (~
2 − η2)2. The vacuum manifold M0 of
this theory is ~2 = η2 i.e. a circle S1. It has a non-trivial
rst homotopy group pi1(S1) = Z. Therefore there are
topologically non-trivial eld congurations in 1+1 di-
mensions such that as one travels along in space, ~ winds
once around M0 (Fig. 1a). As shown in Fig.1a the mag-
nitude of ~ is close to η everywhere and therefore the
























Figure 1: (a) The eld conguration of a texture in
1+1 dimensions covers completely the vacuum manifold
S1 as the physical space is spanned. (b) In 2+1 dimen-
sions the vacuum manifold S2 is also covered and there
is the possibility of eld twist along the z axis.
A rescaling of the spatial coordinate x to αx with
α < 1 leads to a eld conguration ~(αx) which has ex-
panded in space relatively to ~(x). The total energy of
~(αx) is clearly Eα = αE < E and therefore the dy-
namics will favor expansion of the conguration ~(x) to
innity. Thus texture-like congurations in 1+1 dimen-
sions are unstable to expansion. This argument does not
hold for congurations with appreciable total potential
energy (e.g. domain walls). The potential energy scales
as 1
α with re-scaling and can therefore prevent the ex-
pansion triggered by the gradient energy.
The 1+1 dimensional texture can be stabilized form-
ing congurations known as ribbons [10]. This can be
achieved in two ways. The rst includes the introduction
of a potential term V1(~) = µ(~ − ~η)2 that explicitly
breaks the O(2) symmetry and leads to a rescaled energy
Eα = αT + V1/α which can be minimized with respect
to α. The second is implemented by the introduction of
a cuto L in the one dimensional space which, given the
boundary conditions, is equivalent to compactifying it.




and Eα = α
∫ αL
−αL dx ~
02/2 which can also be minimized
with respect to α.
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The texture conguration in 1+1 dimensions can be
generalized to 3+1 dimensions by considering a eld the-
ory describing a global symmetry breaking O(4) ! O(3).
Consider for example a four component scalar eld ~ =





(~2 − η2)2 (2)
The initial condition ansatz
~ = (sin χ sin θ sin ϕ, sin χ sin θ cosϕ, sin χ cos θ, cosχ)
(3)
with χ(r) varying between 0 and pi as r goes from 0 to
innity and θ, ϕ spherical polar coordinates, describes a
conguration that winds once around M0 = S3 as the
physical space is covered. The energy of this congura-






(~r~)2 + V (~)  T + V (4)
where we have allowed for possible small potential en-
ergy excitations during time evolution. A rescaling of the
spatial coordinates r ! αr leads to Eα = α−1T + α−3V
which is monotonic with α and leads to collapse, highly
localized energy and eventual unwinding of the cong-
uration. These highly energetic and localized events in
spacetime have provided a physically motivated mecha-
nism for the generation of primordial fluctuations that
gave rise to structure in the universe [3].
The possible stabilization of these collapsing congu-
rations could lead to a cosmological overabundance and
a cosmological problem similar to the one of monopoles,
requiring inflation to be resolved. At the same time
however it could lead to observational eects in particle
physics laboratories. There are at least two ways to sta-
bilize a collapsing texture in 3+1 dimensions. The rst is
well known and includes the introduction of higher pow-
ers of derivative terms in the energy functional. These
terms scale like αp (p > 0) with a rescaling and can make
the energy minimization possible thus leading to stable
skyrmions. Stable Hopfions [11] (solitons with non-zero
Hopf topological charge) have also been constructed re-
cently by the same method. The second method of sta-
bilization is less known (but see ref. [5,6]) and can be
achieved by introducing gauge elds that partially cover










(∂µ4)2 − V (5)
describing the dynamics of an O(3) gauge eld Aaµ cou-
pled to the three components (α = 1, 2, 3) of the scalar
eld ~ = (1, 2, 3, 4) whose dynamics is determined
by the potential (2).
The eld strength and the covariant derivative are
given by F aµν = ∂µA
a
ν − ∂νAaµ + gabcAbµAcν and Dµa 
∂µa + gabcAbµc, respectively.
The above is a simple extension of the Georgi-






as revealed after the rescaling xi ! xi/(vpλ), a !
va, 4 ! v4, and Aaµ ! vAaµ.
For ~β = 0, (5) possesses an O(4) global symmetry.
The ansatz describing a semilocal texture in 3+1 dimen-
sions is of the form






with f(r) and W (r) necessarily vanishing at the origin
r = 0 and at innity.
It is convenient to dene K(r)  1− ~βrW (r), in which
case the eld equations for the three unknown functions






K2 + (1− f2 −G2)f = 0
K 00 − K(K
2 − 1)
r2




+ (1− f2 −G2)G = 0
(8)
while the corresponding boundary conditions, dictated
by the niteness of the energy and the eld equations at
the origin, are
f(1) = 0, G(1) = 1, K(1) = 1
f(0) = 0, G(0) = −1, K(0) = 1 (9)
As discussed in the introduction, a complete gaug-
ing of the vacuum manifold would allow the gauge elds
to unwind the topological charge by a continuous gauge
transformation and a decay to the vacuum. This can not
be achieved by the semilocal gauging of (5). It may also
be shown that the gauge elds induce terms that scale as
αp (p > 0) in the energy corresponding to (5) thus pre-
venting the collapse. The detailed analysis of this model
is currently in progress. Another concrete example of this
mechanism in a simple model will be discussed in section
III.
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Let us now consider textures in 2+1 dimensions which
are also known as Belavin-Polyakov vortices [13]. These
can form in theories with global symmetry breaking
leading to a vacuum manifold S2. Consider for exam-
ple a eld theory describing a global symmetry break-
ing O(3) ! O(2) where the vacuum manifold M0 is
S2. This is achieved by a three component scalar eld
~ = (1, 2, 3) whose dynamics is described by the po-
tential (2). The ansatz
(u, 3) = [jujeiϕ, 3(ρ)] = [sin χ(ρ) eiϕ, cosχ(ρ)]
(10)
where χ(ρ) varies between 0 and pi as ρ goes from 0 to
innity (Fig. 1b), describes a conguration that winds
once around M0 = S2 as the physical space R2 is covered.
Allowing for small potential energy excitations during







(~r~)2 + V (~)  T + V (11)
which after coordinate rescaling becomes Eα = T +α−2V
and the conguration is weakly collapsing if the poten-
tial term becomes signicant while otherwise it is neu-
tral with respect to rescaling. Stabilization can now be
achieved in two steps: First we introduce a potential en-
ergy term
V1(~) = µ(3 − η)2 (12)
which explicitly breaks O(3) and is therefore non-
vanishing at nite distance. Then a rescaling leads to
Eα = T + α−2V1 which implies collapse. The col-
lapse may now be halted by the introduction of par-
tial gauging (semilocality) through a U(1) gauge eld.
As shown in section III, a rescaling now leads to Eα =
T −α−1V2 + α−2V1 where T , V1 and V2 are energy com-
ponents independent of α and therefore Eα can be min-
imized with respect to α leading to stability and to a
virial theorem relating the terms V1 and V2.
The 2+1 dimensional conguration (10) may easily
be extended to 3+1 dimensions as a stringy texture by
assuming uniformity along the z-axis (Fig.2). A more
interesting case arises if we allow u to twist as we move
along the z-axis. This would generalize the ansatz (10)
to
(u, 3) = [jujeiϕ eiu(z), 3(ρ)] (13)
/
/
Figure 2: A large loop of stringy texture can be ap-
proximated by a cylinder with periodic boundary condi-
tions.
The conguration (13) can also be used to describe a
closed loop of twisted stringy texture in physical space
provided that the following identications are made.
1. The radius L of the cylinder in Fig. 2 is identied
with the radius of the closed loop.
2. The length of the cylinder is identied with 2piL
i.e. the length of the loop.
3. The points along a vertical line of the surrounding
surface of the cylinder are identied with the center
of the loop.
4. Points along the vertical line on the opposite side
are identied with innity.
This approximation of a closed loop by a nite size cylin-
der has the advantage of retaining cylindrical symmetry
but it fails to distinguish the center of the loop from in-
nity. It should therefore only be trusted for relatively
large closed loops (L >> η−1). The identication of the
two faces (upper with lower) of the cylinder induces a









in addition to the usual Nw charge of pi2(S2) of the two
dimensional texture.
The product NwNt is the Hopf topological charge QH .
It appears due to the non-trivial pi3(S2) which classies
the twisted loops of stringy textures. The presence of
a nonzero Hopf charge combined with the presence of
gauge elds could prevent loop collapse due to the in-
crease of gradient energy of the twisted component as
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the loop collapses (cylinder shrinks). It will be seen how-
ever in section III that this pressure is not sucient to
balance the tension of the closed stringy texture in order
to stabilize it2.
III. APPLICATION ON A SIMPLE MODEL
In order to make the ideas described in the previous
sections more concrete let us consider a simple model












where  = 1+i2, Fµν = ∂µAν−∂νAµ, Dµ = ∂µ−ieAµ
and
V (, 3) =
λ
4
(y + 23 − η2)2 +
k2
8
(3 − η)4 (16)












where i, j = 1, 2, 3. We now use the following twisted
semilocal stringy texture ansatz
 = f(ρ)eiNwϕeiu(z) , 3 = g(ρ)
~A = e^ϕ a(ρ) + e^z b(ρ)
(18)
where 0  z  2piL. This ansatz describes approxi-
matelly a large circular loop of SSST in a model with
explicitly broken O(3) symmetry and an additional twist
u(z) of the  eld along the length of the loop. This
length is approximated by a large length on the z-axis.
The assumption that the radius of the loop is L (with
L  η−1) imposes the following boundary conditions on
the eld function u(z)
u(2piL)− u(0) = 2piNt (19)
2This behavior of collapse has also been seen in the Hopf
textures [14] which dier from the ones discussed here (section
III) in two aspects: First the O(3) symmetry is not explicitly
broken and second gauge elds are not present in the Hopf
textures studied previously
where Nt is the topological charge due to twist. Assum-
ing in addition that the twist is uniform along the length







Since Nt is conserved the conguration supports the fol-











The conguration (18) viewed as a loop in three-
dimensions represents a mapping from space (a large
‘three sphere’) onto the vacuum manifold (two sphere).
The mapping is the non-trivial Hopf bration S3 −! S2







abcadbdc = Nw Nt (23)




































We now impose the following rescaling
[field] −! [field] mp
2λ
, ~x −! ~x
m
(25)
where [eld] refers to the eld functions f(ρ), g(ρ), a(ρ)




































(g −mH)4 + 12(a
2 + b2)]
(26)
where ~e = e/
p
2λ, ~k = k/
p
2λ and mH =
p
2λ η/m.
By extremizing the static energy density (26) we ob-
tain the eld equations
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(f2 + g2 −m2H)f +
~k2
2
(g −mH)3 = 0
(27)
The boundary conditions used for the solution of the sys-
tem (27) at the center of the SSST (ρ = 0) and at the
center of the loop (ρ = L) are dictated by the niteness
of the energy and the eld equations at the origin and
may be written as
f(0) = 0 , a(0) = 0 , ρb0(0) = 0 , ρf 0(0) = 0
ρg0(L) = 0 , g(L) = η , b(L) = 0 , ~B(L)  ~r ~A(L) = 0
(28)
We have used a relaxation method with locally variable
mesh size to solve this system of equations in order to
identify parameter sectors where solutions exist. The va-
lidity of the derived solutions was veried by checking
that they satisfy to a good approximation virial condi-
tions that can be obtained analytically from the energy
functional (26) by appropriate rescalings. In particular
by demanding that the solution is an extremum of the
total energy in two dimensions and therefore its energy
does not change to rst order by a rescaling ρ ! α ρ we
have the condition δEδα = 0 which implies













dρ ρ [a2(1 + ~e2f2) +
1
4








An other virial condition may be obtained by rescaling
the gauge eld a(ρ) whose boundary conditions are in-
sensitive to rescaling (a(0) = a(L) = 0). By rescaling
a ! α a and demanding δEδα = 0 we obtain







dρ ρ [(a0 +
a
ρ
)2 + (1 + ~e2f2) a2] (32)
All the solutions obtained by the relaxation method sat-
ised the above virial conditions to a very good approx-
imation. In all cases we had v1
< 10−3 and v2 < 10−3.
As mentioned above, the model considered here re-
duces to that of Ref. [6] for zero twist (Nt = 0). Thus
we can test numerically the semi-analytic approximate
results of Ref. [6] by nding parameter sectors where sta-
ble solutions exist in the limit Nt ! 0. In this limit the
only relevant parameters for the existence and stabily of














0.0 Twist Charge Density (Numerical)
0.01 Twist Charge Density (Numerical)
0.0 Twist Charge Density (Semi−Analytical)
Figure 3: For values of the parameters a and b below
the dashed (Nt/L = 0) and dotted (Nt/L = 0.01) lines
we have found numerically, classically stable solutions.
No solutions were found above these lines. The dashed
line is in very good agreement with the approximate semi-
analytical results of Ref. [6] obtained for Nt = 0.
We have rst solved numerically the coupled system
of eld equations (27) for zero twist and found the range
of parameters in a-b space where solutions exist. The
results are shown in Fig. 3 (dashed line) and their agree-
ment with the approximate results of Ref. [6] is very good.
We then introduce a small twist (Nt = 10 with L = 1000)
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and solve the eld equations again for the same param-
eter values. The parameter region for solution existence
gets reduced as expected and is also shown in Fig. 3 (dot-
ted line) in the a-b plane. The derived solutions have also
been varied numerically using a large number of smooth
random fluctuations and we veried that the perturba-
tions always tend to increase the total energy. Thus the
derived solutions which are obviously extrema of the to-
tal energy correspond to minima (not maxima) and are
stable solutions of the eld equations.
In order to examine the eectiveness of pressure in-
duced by the superconducting currents we have looked
for solutions in the parameter sectors corresponding to
high current density (twist charge density) just before
the solution is lost due to increased energy density. We
have found that even though there are solutions with rel-
atively high twist charge density (provided that mH is
also large enough) the eect of the pressure is not nearly
enough to stabilise the shrinking loop conguration and
produce a total energy local minimum for a nite value
of L. Thus even though the solutions obtained are local
minima of the energy as two dimensional congurations,
when considered in three dimensions as loops they are ex-
pected to shrink monotonically towards zero loop radius
(L = 0) due to tension.






















Figure 4: The parameter sectors where stable solu-
tions were found in the parameter region of high Nt. In
all cases we had Nt = 70 and Nw = 1. The parame-
ter space was scaned by reducing L for each xed mH
(300  mH  1000).
The parameter sectors where highly twisted stable so-
lutions have been found are shown in Fig. 4 as a function
of the loop radius L. Notice that the increase of mH im-
proves the stability of the solution and allows the loop
to shrink further before the solution disappears due to
very large twist topological charge. Thus for larger mH
the length L of the loop can drop further before the in-
stability sector is reached. We anticipate that this eect
is similar to the current quenching which is seen in the
case of the usual superconducting strings [15]. As the
loop shrinks due to tension the twist topological charge
density increases and at a critical density it becomes en-
ergetically favorable for the eld f to become 0 in order
to unwind part of the twist topological charge and there-
fore reduce the superconducting current. This eect is
known as current quenching. The critical size of the loop
for current quenching is expected to decrease as the pa-
rameter mH increases because it becomes more costly
energetically for f to vanish. This behavior is seen in
Fig. 4. At quenching the solution breaks down because
in our approximation of uniform large loop we have not
allowed dynamics in _u(z) assuming that the twist charge
density remains uniform at all times. This approximation
is valid for currents smaller than the quenching currents
but in order to describe the actual quenching process
when the conservation of Nt is violated one needs a full
3-dimensional simulation of the loop evolution [16]. This
is outside the scope of the present study.





















Figure 5: The eld prole for L = 950. The rest
of the parameters were: mH = 8, ~k = 0.01, ~e = 0.1,
Nt = 1 and Nw = 1. The virial theorems were satised
(v1 ’ 6 10−4 v2 ’ 10−4
In Fig. 5 we show the eld functions f(ρ) and g(ρ)
for some choice of parameters.
An interesting question that needs to be addressed
in the context of the model studied is the question of
spring formation [15,17]. The total energy of the large








dρ ρ E(f, g, a, b) (35)
where E in its rescaled form is given by equation (26).
Given the presence of an L-dependent term (the twist
gradient) in E it could have been anticipated that E(L)
has a minimum at some L = Lspring. This would imply
the formation of a loop stabilized by the pressure induced
by the twist charge which acts against the tension of the
loop. These objects were anticipated by analytical argu-
ments in the Witten models [15,17] of superconducting
strings but no such solution has been found explicitly so
far.
Clearly, spring formation could occur only for L large
enough so that the solution exists i.e. Lspring > Lquench.
If this minimum of the energy could be achieved at some
Lspring > Lquench then at the Lquench(mH) shown in Fig.
3, E(L) would have a negative derivative with respect to
L i.e. the total energy E would tend to decrease to-
wards its minimum as L increased from Lquench towards
Lspring. We have checked all points at Lquench shown
in Fig. 3 and found that dEdL jL=Lquench > 0. Therefore
we conclude that for all the parameter sectors we inves-
tigated no spring solutions exist.
IV. CONCLUSION -OUTLOOK
The main points of this talk can be summarized as
follows
 Semilocality can stabilize textures in 2+1 dimen-
sions.
 Twisted Superconducting Semilocal Stringy Tex-
ture (SSST) congurations exist for a nite sector
of parameter space.
 No SSST loops stabilized by current pressure
(springy textures) were found in the simple model
considered.
An alternative way to stabilize SSST loops is the in-
troduction of angular momentum whose conservation can
stabilize loops against collapse more eectively than twist
pressure. Loops stabilized by angular momentum are
known as vortons [18]. Potential extensions of this work
include the study of the eects of angular momentum
and the embedding of these congurations in realistic
two-Higgs electroweak models [7].
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